By calculating the Newman-Penrose Weyl tensor components of a perturbed spherically symmetric spacetime with respect to invariantly defined classes of null tetrads, we give a physical interpretation, in terms of gravitational radiation, of odd parity gauge invariant metric perturbations. We point out how these gauge invariants may be used in setting boundary and/or initial conditions in perturbation theory.
both IGI and tetrad gauge invariant ͑TGI͒ are the type-N terms, and furthermore, that these terms can only be gauge invariant if the background is of Petrov type D or conformally flat. These include all spherically symmetric spacetimes. ͑We use the phrase ''gauge invariant'' to refer to a quantity which is both tetrad and identification gauge invariant.͒ Consequently, any attempt to attach physical significance to the full set of perturbed Weyl scalars seems doomed. However, as we will see below, this is not the case for odd perturbations ͑see Ref. ͓2͔ and Sec. II below͒. In this case, there is sufficient geometric information in the background that is invariant with respect to the generators of odd perturbations to enable the construction of gauge invariant perturbed Weyl scalars. This will allow the interpretation of the metric perturbations in terms of longitudinal and transverse waves propagating in the inward and outward radial null directions of the spherically symmetric background and in terms of a perturbation of the Coulombic interaction. As in the analysis of Ref. ͓1͔, this will involve the choice of a special class of tetrads, but one which admits an IGI description. We follow the curvature, tetrad and NP conventions of Ref. ͓20͔.
II. GERLACH-SENGUPTA FORMALISM
For convenience, we give a brief review of the formalism introduced by Gerlach and Sengupta ͓2͔, following the presentation of Martin-Garcia and Gundlach ͓8͔. The metric of a spherically symmetric space-time M 4 can be written as
where g AB is a Lorentzian metric on a 2-dimensional manifold with boundary M 2 and ␥ ab is the standard metric on the unit 2-sphere S 2 . Capital Latin indices represent tensor indices on M 2 , and lower case Latin indices are tensor indices on S 2 . r(x C ) is a scalar field on M 2 . 4-dimensional spacetime indices will be given in Greek. The covariant derivatives on M 4 , M 2 and S 2 will be denoted by a semicolon, a vertical and a colon respectively. ⑀ AB and ⑀ ab are covariantly constant antisymmetric unit tensors with respect to g AB and ␥ ab . We define *Electronic address: brien.nolan@dcu.ie
Writing the stress-energy tensor as
the Einstein equations of the spherically symmetric background read
where Again, we can decompose into even and odd harmonics and consider separately the transformations generated by the 1-form fields
From the transformed versions of the metric perturbations, one can construct combinations which are independent of the coefficients of ជ . These combinations are then identification gauge invariant. Writing
a complete set of IGI metric perturbations is given by
Similarly, a complete set of IGI stress-energy tensor perturbations may be constructed. We will not give these here, but refer the reader to Refs. ͓2͔ or ͓8͔. The full set of IGI perturbation equations may also be found in these references; we will not use these equations in the present paper. An important point to note is that this formalism is incomplete for lϭ0 and for lϭ1. For lϭ0,1, G and h are not defined, being coefficients of zero, and so should be considered to be zero. The same holds for h A E ,h A O when lϭ0. Thus the gauge invariants cannot be constructed. However it is convenient to use the same variables ͑16͒-͑18͒ for all values of l. For lϭ0,1, these variables are only partially IGI and so gauge fixing is required. This does not affect the calculation below.
To conclude this section, we point out the existence of a preferred gauge in which hϭGϭh A E ϭ0. This is the ReggeWheeler ͑RW͒ gauge. This has the advantage that the bare perturbations of Eqs. ͑7͒-͑9͒ match identically the IGI perturbations.
III. NULL TETRADS AND WEYL SCALARS
It is convenient to introduce coordinates x ϭ(,,u,v) on the spherically symmetric background, with ϭ1 -4 in the order shown. u,v are null coordinates on M 2 which we take to increase into the future. Furthermore, we specify that u,v are respectively retarded and advanced time coordinates, so that u ͑respectively v) labels the future ͑respectively past͒ null cones of the axis rϭ0. Then the background line element can be written as
where the only coordinate freedom corresponds to the relabeling u→U (u),v→V(v) of the spherical null cones. We introduce the null tetrad
͑23͒
Here and throughout, the overline indicates a background quantity and the asterisk represents complex conjugation. With respect to this tetrad, there is only one nonvanishing Weyl tensor component;
where ᮀ 2 is the d'Alembertian of M 2 and ϭg AB r ,A r ,B . Under general Lorentz transformations of the null tetrad, this term is not invariant. However, due to spherical symmetry, there is an invariant class of null tetrads, namely that which takes the two real members of the tetrad to be the repeated principal null directions of the Weyl tensor ͑the ingoing and outgoing radial null directions͒. Specifying that we always do this, the only allowed Lorentz transformations are spin boosts which involve
where a, are arbitrary. ⌿ 2 is invariant under these transformations. Henceforth, a null tetrad ͕m ,m * ,n , l ͖ for the background will always be taken to lie in this class. Without loss of generality, we can always take n to point in the radial ingoing null direction and l to point in the radial outgoing null direction.
We write a null tetrad of the perturbed space-time as
where l ϭ l ϩ␦l and similar for other tetrad members. The condition ͑26͒ is an underdetermined linear system for the perturbations ␦l ͑etc.͒ in terms of the metric perturbations, corresponding to the gauge freedom of Lorentz transformations. In order that the Weyl scalars calculated below have an invariant meaning, we must choose the tetrad ͑or more correctly, class of tetrads͒ in an invariant way, as was done above for the background. The Weyl scalars are given by
With our choice of background tetrad, we find that these yield
where
cϭm *␦n .
͑39͒
The gauge invariance of ␦⌿ 0 is demonstrated as follows. ͑An identical argument applies for ␦⌿ 4 .͒ We see from above that this term depends only on the perturbed Weyl tensor and on the background tetrad. Both these terms are fixed once the background and tetrad have been specified and the perturbation has been added in any particular gauge. Thus ⌿ 0 is a TGI scalar. Then IGI follows from the Stewart-Walker lemma ͓1͔ ͑see also Sec. Lemma 1 is trivially satisfied by ⌿ 0 as it vanishes in the background; hence full gauge invariance follows. As noted in the Introduction, it is only ⌿ 0 and ⌿ 4 which satisfy the requirements of being both tetrad and identification gauge invariant. Gauge invariance of these terms has long been recognized and used; see e.g. Ref.
͓21͔. The form of these terms in GS variables has been given in Refs. ͓10͔ and ͓11͔.
Equations ͑32͒-͑36͒ and ͑37͒-͑39͒ clearly rule out the possibility of all the Weyl scalars being TGI in general. However if we consider odd and even perturbations separately, some progress can be made.
A. Odd perturbations
In an arbitrary gauge, we have h AB ϭh A E ϭGϭKϭ0 for odd perturbations. Infinitesmal co-ordinate transformations of odd parity are generated by 1-form fields of the form ͑14͒. We can write down an ''odd perturbations only'' version of the Stewart-Walker lemma:
Lemma 3. 
The linearized perturbation of a geometric quantity Q with background value Q is IGI with respect to odd perturbations if it satisfies
Quantities of particular relevance to us that satisfy this corollary are the background Weyl scalar ⌿ 2 and the tetrad members l,n. Note that it is crucial that we consider the tetrad members as 1-forms. Corollary 1 does not apply to contravariant tensor fields. Hence the perturbed quantities ␦l , ␦n are IGI with respect to odd perturbations. ͑Note however that ␦l ,␦n are not IGI.͒ This allows us to make a gauge invariant choice of the tetrad members l ,n in the perturbed space-time. This choice will strongly constrain, in a gauge invariant manner, the perturbations ␦m via Eq. ͑26͒. Furthermore, the parts of ␦m not fixed by the choice of ␦l do not make any contribution to the perturbed Weyl scalars ͑32͒-͑36͒. Thus subject to a choice of the IGI terms ␦l ,␦n ͑which is analogous to the choice of tetrad in the background͒, the perturbed Weyl scalars are TGI. When we add in the fact that ⌿ 2 satisfies Corollary 1, we have our main result. Proposition 1. The perturbed Weyl scalars ͑32͒-͑36͒ are identification and tetrad gauge invariant with respect to odd perturbations.
We can now calculate these gauge invariant terms. We repeat that two tetrad choices must be made: ͑i͒ we specify that the background tetrad uses the principal null directions as its real members and ͑ii͒ we must specify the gauge invariant terms ␦l ,␦n . We note however that ␦⌿ 0 and ␦⌿ 4 depend only on the first choice. In fact the same is true for ␦⌿ 2 : using Eq. ͑26͒, we can show that bϭϪḡ ␦g .
Thus there is no contribution to ␦⌿ 2 from the perturbed tetrad.
The most obvious gauge invariant choice for the perturbation of the real members of the null tetrad is ␦l ϭ␦n ϭ0. Working in the RW gauge, we can then solve Eq. ͑26͒ for ␦m ; as noted above, any particular solution of this system yields the same Weyl scalars. Then we calculate the Weyl scalars, and to conclude, write these in terms of the IGI quantities of Sec. II. The result is
is the scalar introduced in Ref. ͓2͔ which appears in the master equations for odd perturbations. The angular coefficients here are given by
where w a ϭr Ϫ1 m a . We can now give an interpretation of the gauge invariant metric perturbation k A based on these scalars using the work of Szekeres ͓22͔. The scalars ⌿ 0 ,⌿ 4 are independent of the choice of perturbation in the tetrad and so depend only on our choice of background tetrad which, as argued above, may be considered to be invariant. Thus these two terms represent pure transverse gravitational waves propagating in the radial inward ͑respectively outward͒ null directions. We note that the formulas ͑40͒ and ͑44͒ have been given previously in Ref.
͓11͔.
Similarly, ⌿ 2 is independent of the choice of tetrad perturbation. Thus this term invariantly describes a perturbation of the Coulomb component of the gravitational field.
The scalars ⌿ 1 ,⌿ 3 depend on the choice of tetrad perturbation. However with our gauge invariant choice described above, we can state that the relevant coefficients represent pure longitudinal gravitational waves propagating in the radial inward ͑respectively outward͒ null directions.
We note that these statements are valid for lу2. The angular coefficient Q 0 vanishes identically for lϭ1. Thus the vanishing of the terms ␦⌿ 0 and ␦⌿ 4 for lϭ1 is gauge invariant ͑and of course entirely expected: we only expect these gravitational radiation terms to switch on for the quadrupole and higher moments, lу2). For lϭ1, ⌸ is IGI but k A is not so. Hence ␦⌿ 2 is gauge invariant, but ␦⌿ 1 and ␦⌿ 3 are not.
We note also that Eqs. ͑40͒-͑44͒ completely specify the gauge invariant metric perturbation; that is, these equations may be solved for k A in terms of ␦⌿ 1Ϫ4 . In particular, vanishing of the perturbed Weyl scalars at a point of space-time implies vanishing of k A at that point.
B. Even perturbations
For even perturbations, we set h A O ϭhϭ0. Infinitesmal coordinate transformations of even parity are generated by 1-forms of the form ͑13͒. The ''even perturbations only'' version of Lemma 3 is immediate. The following result describes the terms additional to those described by Lemma 2 which become IGI when we restrict to even perturbations. 
There are no vector fields v which are IGI with respect to even perturbations.
Note that it possible to construct covariant tensor fields of higher rank which are IGI by taking tensor products of the 1-forms described by the lemma.
Proof: The proof for the scalar case is immediate. In the 1-form case, the result follows by writing down the equa- Unlike the corresponding situation for odd perturbations, there is no hope of constructing useful gauge invariant background terms from the quantities described in this lemma. In particular, it is not possible to use the 1-forms described in the lemma to construct some of the null tetrad members. This is essentially because one cannot have any x A dependence in the gauge invariant terms. Thus we can summarize as follows. For the lowest multipole moments lϭ0,1, the angular coefficients here vanish identically, and so the vanishing of ␦⌿ 0 and ␦⌿ 4 is gauge invariant.
IV. CONCLUSIONS
We have investigated the possibility of giving a gauge invariant physical interpretation of gauge invariant metric perturbations of spherically symmetric space-times by considering the perturbed Weyl scalars. This turns out to be possible only for the case of odd perturbations; however in this case, it transpires that all the perturbed Weyl scalars are identification and tetrad gauge invariant, and so the physical interpretation of the metric terms can be made. One can therefore immediately see the contribution of a particular metric perturbation to ingoing and outgoing longitudinal and transverse gravitational waves, and to the Coulombic interaction term. We anticipate that this will be of use in various different studies, for example in our ongoing work on the stability of Cauchy horizons in self-similar collapse ͓23͔. The expressions ͑40͒-͑44͒ can be used to set coordinate independent and gauge invariant boundary conditions for perturbations, and can also be used as indicators of instability in different regimes ͑for example if such terms diverge in the approach to a singularity or to a Cauchy horizon͒. Care is needed here however. While the terms ͑40͒-͑44͒ indicate the presence or otherwise of various gravitational waves and Coulomb-type perturbations, they should not be used to determine magnitudes. This is crucial in setting boundary conditions, where one typically imposes a condition on the limiting behavior of a physically significant quantity. This is because of the scale covariance in the scalars resulting from the spin boosts ͑25͒: under these Lorentz transformations, we have ␦⌿ n →a 2Ϫn ␦⌿ n , nϭ0, . . . ,4.
͓For convenience, we have set ϭ0 in Eq. ͑25͒ as this will not affect magnitudes.͔ However this shows that the following GI first-order quantities have physically significant magnitudes, and so can be used for setting boundary conditions:
␦P Ϫ1 ϭ͉␦⌿ 0 ␦⌿ 4 ͉ All three provide terms useful for the analysis of odd perturbations, while the first can also be used for even perturbations ͑and indeed in more general contexts ͓24͔͒.
